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Abstract 

We give an explicit determinant formula for a class of rational solutions of the Painleve V equation in 
terms of the universal characters. 



1 Introduction and Main Result 

— < • 

It is known that six Painleve equations are in general irreducible, namely, their solutions cannot be expressed 
by "classical functions" in the sense of Umemura [Q. However, it is also known that they admit classical 
solutions for special values of parameters except for Pj. Much effort have been made for the investigation of 
classical solutions. As a result, it has been recognized that there are two classes of classical solutions. One 
is transcendental classical solutions expressible in terms of functions of hypergeometric type. Another one is 
t-H ■ algebraic or rational solutions. It is also known that the Painleve equations (except for Pi) admit action of the 
affine Weyl groups as groups of the Backlund transformations. It is remarkable that such classical solutions 
are located on special places from a point of view of symmetry in the parameter spaces O, [l3| Il4|, fill. For 
t-^h . example, Pn, Pni and Pry, whose symmetry is described by the affine Weyl group of type Aj , Apx Aj and 
respectively, admit transcendental classical solutions on the reflection hyperplanes, and rational solutions 

■ on the barycenters of Weyl chambers of the corresponding affine Weyl group. 

Umemura et al have investigated the class of solutions on the barycenters of Weyl chambers and found 

■ that (1) these solutions are expressed by some characteristic polynomials generated by the Toda type bilinear 
equations, (2) the coefficients of such polynomials admit mysterious combinatorial properties [Jl7[ (jj [l6j. These 
special polynomials are sometimes referred as Yablonskii- Vorob 'ev polynomials for Ptj. |ist| , Okamoto polynomials 
for Pjv [ fl4| , Umemura polynomials for Pm, Py and Pvt. 

One important aspect among such polynomials is that they are expressed as special cases of the Schur 
functions. As is well known, the Schur functions are characters of the irreducible polynomial representations of 
GL(n) and arise as r-functions of the KP hierarchy For example, it is known that the special polynomials 
for Pji and Pm are expressible by 2-reduced Schur functions, and those for Pry by 3-reduced Schur functions 0, 
ill- 

In this paper, we consider Py, 
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with parameters Koo, kq and 9, whose symmetry is described by the affine Weyl group W(A^). The aim of 
this paper is to investigate a class of rational solutions on the barycenters of Weyl chambers and to present an 
explicit formula for them. 

By the analogy from the known cases, it is naively expected that they are expressed in terms of 4-reduced 
Schur functions. However, our formula is expressed by a generalization of Schur functions, which is called the 
universal characters and defined as follows || . 

Definition 1.1 Let = Pk{t^) and — qu{v~ 2 ') , k £ Z, be two families of polynomials defined by 



J2PkV h = cxp I ] , Pk = for k < 0, 

fc=o \i=X 



OC 



(1.2) 



QkV k = cxp tf'rf ] , q k = for k < 0, 
fc=o \j=i 



where t^ — (t^\ t^, ■ ■ ■) and t^ = (t^\ t^\ • ■ ■) are the sets of infinite numbers of variables. For any 
partitions X^ — (X^\ X^\ ■ ■ ■ , A^) and X^ — (A^ , A^, • • • , Am ), the universal character S\(i) \(2) (t^, t^ 
is defined as 



Sa(u,a(2)(* (1 \* (2) ) =det* (q {2) ,q (2) g . (2) , >Pta) .>'•') Ptw , , J 

' V A^ A^^-fl A^ y +m— 1 A^ — m A^ — m — 1 A„ — m— n+1 / 



(1.3 



where 



P] = 1 (Pj,Pj+l, ■ ■ ■ ,Pj+m+n-l) , Qj =t (Qj,qj-l,---,<lj-m-n+l)- (1-4 



Our main result is stated as follows. 

Theorem 1.2 Form, n 6 Z>o, we define a family of polynomials S m ^ n — S m ^ n (t, s) by specializing S^m A <2) (t^ 
as 

A (1) = (n,n. — 1, ■ • • ,2, 1), A (2) = (m, m - 1, • • • , 2, 1), (1.5 

m t 2s — m + n rai t 2s — rri + n 

* =-o + • ' i =9+ ; ' L6 

J 2 j 2 j 

where s is a parameter. For m,n S Z <0 , roe define S mj7l through 

S m , n (t, s) = (-l) m ( m+1 )/ 2 5_ m _ 1 , n (t, s - m - 1/2), 
Sm,n(M) = (-l) n(n+1)/2 5 m ,_„_i(t,s-n - 1/2). 

TTien, 

^ Sm t n— 1(^> s)S m — s) (18 

(£,s- l)S m , n _i(i, s + 1)' 



(1.7 



gives the rational solutions of Py (1.1) with the parameters 

Kqc = s, Ko = s — m + n, = m + n — 1, (1.9 

and 

Koo = — s, = s — m + n, 6 = m + n—l. (1.10 

Similarly, 

2n+l S m , n _ 1 (t,s + l/2)5 m , n+1 (t,a-l/2) 
y 2m + 15 , m _ lirl (t,s-l/2)5 m+ i,„(t,s + l/2)' 
gives i/ie rational solutions of Py (1.1) with the parameters 

K QO =m + l/2, K = n + l/2, 8 = 2s-m-n-l. (1.12 



<( 2 )) 
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This result covers all the rational solutions obtained by applying the Backlund transformations on the 
particular solution of Py (fLl|), 

y = —l, Koa = S, Kq — s, 6 = -1. (1-13) 

Remark. In ref. jH), Kitaev et al gave a complete classification of rational solutions for Py- Our result covers 
all the rational solutions of the cases (III) and (IV) in their classification. The first half corresponds to the 
case (III) and the other does to (IV). Also, Noumi and Yamada presented a determinant formula for a class of 
rational solutions of Py in terms of 2-reduced Schur functions || . Our result includes their formula as a special 
case, which is explained in Appendix 

This paper is organized as follows. In Section ^, we give a brief review for the theory of symmetric form 
of Py |H 0; which provides us with a clear description of symmetry structure and r-functions for Py. In 
Section g| we construct the rational solutions of Py by using the theory of symmetric form. Proof of our result 
is given in Section |]. We mention on the relationship between our result and Yamada's general determinant 
formula|2l[ of Jacobi-Trudi type in Section ||. 

2 Symmetric Form of Painleve V Equation 

By using the theory of symmetric form for Py, it is possible to describe the structure of Backlund transformations 
in a unified manner and to construct particular solutions systematically. In this section, we summarize the 
symmetric form of Py following refs. jl^, [ll[], and derive bilinear equations satisfied by r-functions. 

2.1 Symmetric Form of Py 

Py ( |l.lj ) is equivalent to the Hamilton system p(| 

, dH , dH , d , n1 . 



with the Hamiltonian 
In fact, putting 
with 



H = p(p + t)q(q - 1) + a 2 qt - a 3 pq - ct\p(q - 1). (2.2) 
«oo = Oil, k — a 3 , 6 = «2 - «o - 1, (2.3) 
a = 1 - «l - Q!2 - a 3, (2-4) 



we see that equation for y = 1 — X/q is nothing but Py (1.1). Setting 



fo = -j=(t + p), fi = Vtq, h = -^jf, fs = Vt(l-q), (2.5) 



we obtain the symmetric form of P-\ 



./o 


= /o/2(/l 


-fs) + 


/l 
\ 2 


- a 2 


fo + ao/2 


fx 


= f\h{h 


-/o) + 


/l 
I 2 


- «3 


h + ocifo 


& 


= /2/0C/3 




/ 1 
V2 


- a 


h + a 2 fo 


Si 


= hhifo 


-/a) + 


/l 
V 2 


- Oil 


h + a-ifi 



(2.6) 
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We note that the original dependent variable y of Py is expressed as 

y = -T- ( 2J ) 

h 

In terms of variables /j and on , the Backlund transformations of Py are described by a simple form, 

Si(a>i) = -a>i, Si(atj) = atj + a>i (j = i±l), Si(ctj) = a 3 (j ^ i, i ± 1), 

Si(fi) = fu 8i(fj) =f j ±^(j = i± 1), Siifj) = fj (j + i,i± 1), (2.8) 

Ji 

%(aj) = a j+1 , 7t(/,-) = /i+i, 

where the subscripts i = 0, 1,2,3 are understood as elements of Z/4Z. These transformations commute with 
derivation ' and satisfy the fundamental relations 



1, SiSj = SjSi (j y^i,i± 1), s l s 3 s l = SjSiSj (j = i± 1), 

7T = 1, 7TSj = Sj + l7T, 



(2.9) 



which means that transformations s, (i = 0,1,2,3) generate the affine Weyl group W(A^), and and n 
generate its extension including the Dynkin diagram automorphisms. 

2.2 r-Functions and Bilinear Equations 

In order to obtain simpler transformation properties, we add a correction term which depends only on t to the 
Hamiltonian (2.2). The corrected Hamiltonian h is introduced as 



, , , , , , ax + 2a 2 - a 3 ai + 2a 2 + 3a 3 

"0 — JO /1/2/3 H 1 /o/i H ^ /1/2 

3ai + 2a 2 + a 3 o>\ - 2a 2 - a 3 (a± + a 3 ) 2 
— /2/3 H : /3/o H : : 



(2.10) 



4 

and we put hj = 7r J (/io)- Then, we have 



Si(hj) = hj (i ^ j), Si(hi) =hi + Vi -j-, n(hi) = h i+1 . (2-11) 

Ji 

We also introduce r-functions Ti(i = 0, 1, 2, 3) by 

hi = \ (2.12) 



Then, defining the action of Sj(« = 0, 1, 2, 3) and 7r on the r-functions by 

Ti-m+i 



s i{ T j) = T j (* 7^i)) s i( r = /t ) T(Ti) = Tj+l, (2.13) 



we see that the fundamental relations (2.9) are preserved, which implies that the Backlund transformations can 
be lifted to the level of r-functions. It should be remarked that we have from (|2.7D and (2.13) 



y = - T ^P\. (2.14) 
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By ( [2.15 ), the Backhand transformations (2.8) are lead to a set of bilinear equations for r-functions, 



To«o«i(n) = s (t )si(ti) + a T 2 T 3 , 
tiSiSo(to) = So(r )si(ri) - aiT 2 T 3 , 
tiSis 2 (t 2 ) = si(ti)s 2 (t 2 ) + aiT 3 T , 
T2S 2 Sl(ri) = si(ti)s 2 (t 2 ) - a 2 T 3 T , 
t 2 s 2 s 3 (t 3 ) = s 2 (t 2 )s 3 (t 3 ) + a 2 T Tl, 
T3S3S2(t2) = s 2 (r 2 )s 3 (r 3 ) - a 3 r ri, 
T"3S3So(r ) = s 3 (t 3 )s (t ) + a 3 TiT 2 , 
To so S3 (t 3 ) = s 3 (t 3 )s (t q ) - a Tir 2 . 

Let us define the translation operators Tj (i = 0, 1, 2, 3) by 

T 1 =irs 3 s 2 s 1 , T 2 = s 1 irs 3 s 2 , I3 = s 2 si7rs 3 , T = s 3 s 2 Si7r, 

which commute with each other and satisfy TiT 2 T 3 Tq = 1. These operators act on parameters (Xi as 

Ti(oti-i) = ctj— 1 + 1, Tj(aj) = Q!j - 1, Tj(aj) = a, (j ^ i - 1, £), 



(2.15) 



and generate the weight lattice of In terms of T"j, r-functions in (2.15) are expressed as 



ri = Ti(ro), 



r 2 = TiT 2 (r ), 



T3 = r _1 (To), 

so(to) = T -1 Ti(7u), si(n) = T 2 (r ), s 2 (t 2 ) = TiT 3 (r ), 

53(7-3) = r 3 -1 (ro), s si(n) = riT 2 T -1 (ro), sis (t ) = TaT^ro), 
SiS2(t 2 ) = T 2 T 3 (t ), s 2 si(ri) = r 3 (To), s 2 s 3 (t 3 ) = ^(tq), 

S3S2(T 2 ) = TiT (t ), S 3 S (t ) = TlT^^To), S S3(7 3 ) = T1T3 1 T 1 (t ) . 

Furthermore, we can derive bilinear equations of Toda type. 
Proposition 2.1 We have 

3«i + 2a 2 + a 3 



To^)^- 1 ^) 



1 /l 
= — = ( -D; 
y/i \2 
1/1 

1 /l 



Di - 



oi\ — 2a 2 — a 3 



ai + 2a 2 — a 3 



M 70 • To, 



* TQ ' T , 



* TQ ■ T , 



-D 2 T 



ai + 2a 2 + 3a 3 



where Dt is the Hirota's differential operator defined by 

d d 



t]To- T , 



dT dT 



f(T)g(T') 



(2.16) 



(2.17) 



(2.18) 



(2.19) 



(2.20) 



T=T' 



and 



dT 



dt' 



Proof. Using (2.£),(2.13) and (2.16), we have 



Ttfo)^ 1 (t ) = [/1/2/3 + («i + a 2 )fi + aif 3 ]Tg. 



(2.21) 
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Noticing that 



ti = Vi(hhh + 



a.\ + 2ct2 — as 



Oil — 1a,2 



a i 



fs 



(2.22) 



and fx + /3 = ^/i, we get the first equation in (2.19). The other equations are obtained in similar way. I 

Remark. Bilinear equations (2.15) and ( 2.19Q are overdetermined systems when they are regarded as equations 
to determine the r-functions. However, by construction, the consistency of these equations is guaranteed. 



2.3 r-Cocycles 

For simplicity, we introduce a notation, 

Tk,l, m ,n = J i J 2 J 3 1 o\ T 0>- 
For small k, I, m, n, we observe that i m n are factorized as 



<Pk,l,m,n T 



k / x I 
T l\ I T 2 \ ( r 3 



TX 



T2 



(2.23) 



(2.24) 



where 4>k,i,m,n are some functions of fi and ccj. Conversely, if we define <fik,i,m,n by (2.24), it is shown that 
't'k.i.m.nS are polynomials in fi and for any k,l,m,n G 1 |2l| ]. The functions (f)k,i,m,n are called the r- 
cocycles. 

It is easy to see from ( |2.14| ), ( |2.18D , ( |2.23| ) and fl2.24| ) that we have 



-*k , / .m , n — 1 k .1 , m — 1 , n 



for A;, l.m.ne Z. 



(2.25) 



Moreover, it follows from ( |2.13 ), ( 2.16| ), (2.23) and (2.24) that 4>k,i.m,7i are determined by the recurrence relations, 



h+u,m.n = Tx(^ m . n )[f 2 hf Q - (a 3 + a )/o - ao/2] fc - ( (/3/o - « )'- m /o m ~" ; 

k,l+l,m,n = T 2 (<t> k ,l, m ,n)[f3foh ~ («0 + «l)/l - ai/ 3 ]^ m (/o/l - Oi)"*-"^ 4 *-*, 

T s (4i».n)[/o/i/ 2 - (ai + a 2 )/a - «2/o] m ""(/i/ 2 - a 2 ) 1+ "- fe /2 "', 

1+n— / -f ^ \k — l_pl — Tn 



<Pk,l,m+l,n — J-3{<PkJ,m,n 

4>k,i, m ,n+x = T (4> kt i t „ hn )[fif 2 f3 - (a 2 + a 3 )/ 3 - a3/i] 1+ " _fe (/2/3 - a 3 ) k ^ l f! i 



(2.26) 



with <^o,o,o,o = 1- 

It is possible to write down the bilinear equations for 4>k,i,m,n- From ( 2.18| ),( pT23 ) and (2.24), bilinear 



Backlund transformations (2.15) yield to 



£>fc,z. 



,l-\-l,m,n— 1 0/c+l,i,m,n — l^fc,Z + l,m,n ,m ,n4*k ,1 ,m ,n — 1 5 

<t>k+X,l,m,n4'k,l+l,m,n-X = <t>k+l,l,m,n-l4>kd + X,m,n ~ [p-X — k + l)4>k+l,l + X,m,n4'k,l,m,n-X , 

^fe+l^+ljm^^i.m+ljTi = ^/c,/+l,m,n0fc+l,i,m+l,n — ( a 2 _ ^ + ™)4>k,l,rn,n-l4>k,Lrn,n, 
0fc+l,Z + l,m, n<j>k,l-l,m,n = ^fc+lj^+l^^^m-l^ + (<*2 _ ^ + ™)<Pk,l,m,n<l>k-{-l,l,m,n-> 
X^k+1,1 (as — m + n)<^fc,z ,m,n 3 

+ ("3 

^fe,J,m,n0fc+l,J,m— l,n-l = 4 l k,Lm~l,n4 l k+X,Lm,n-X — (&0 — ^ + &)0fc+l,Z,m,ri0/c+:U + l,m,n- 



(2.27) 



Similarly, the last two equations in (2.19) are lead to 



^fe,2,m+l,n ( rfe,/,m— l,n 

1 / 1 2 Q!i + 2«2 — q;3 — A: — Z + 3m — n 
= ^= \ 2 T + Uh ' l ' m ' n 4 

t>k,l,m,n+X(f>k,l,m,n-X 



t J $k,l,7n,n ' 0&,Z,m,m 



(2.28) 



1 / 1 2 ai + 2a?2 + 3a?3 — k — I — m + 'An 



G 



with 



= (logr )" + fc('log^ +^(log|) + m(log|) +"( lo g|) • 



(2.29) 



3 Construction of Rational Solutions 

In this section, we construct the rational solutio ns o f Py b y usi ng the results in the previous section. 
It is obvious that the symmetric form of Py (|2.6| ) with (2.4) has a solution, 



(n„. (i i . nj. m.-j) = [ ^ - s,s i - s,aV /i = -y for * = 0,1,2,3, 



(3.1) 



which is on the fixed points with respect to the transformation 7r 2 and is equivalent to the following solution of 
Pv, 

y = -l, Koc=s, k = s, 6 = -I. (3.2) 

This is the unique rational solution in the fundamental region of the afRne Weyl group W(A^) in the parameter 
space, except for the special cases of transcendental classical solutions pc| . Applying Backlund transformations 
to the seed solution (3.1), we obtain the family of rational solutions of Py- Note that we have 



T 2 T o( a o, cui, a>2, a 3 ) = ( ^ - 5, 5, i - s, s } . ■■■ = s I. I : ;:. 



(3.3) 



under the specialization (3.1). Comparing fl3.3| ) with (3.1), we see that the effect of is absorbed by that 
of Tq 1 and shift of the parameter s. Then, we do not need to consider the Backlund transformation for 
constructing the family of rational solutions of Py. Taking the initial condition (3.1) into account, we consider 
the bilinear Backlund transformations in terms of the r-cocycles (2.27). Denoting 4>o.i,rn,n = 4>i,m,n in view of 
the relation T1T2T3T0 = 1, it is easy to derive the following. 



Lemma 3.1 Under the specialization ftSji), bilinear Backlund transformations (2.21) are reduced to 



t>0,m,n4>0,m-l,n-2 = </>-l,m-l,n-2</>l,m,n + (1/2 — S — n)0o,m- l, n _ 1 </>0,m,n-l , 
»-l,m-l,7i-l^l,m,T»-l — 0-l,m-l,n-201,)n,n — s4>0,m-l,n-l<P0,m,n-\ , 
t>-l,m-l,n-l4>l,m+l,n = 01,fn,n0— l,ro,n— 1 + S<^0,m,n- 1 0O,m,n , 
t>0,m-l,n-l4>0,m+l,n = 4 l l,rn,n4 l -l,m,n-l ~ (1/2 — S + m)(po,m,n-l4'0,m,ni 
t>Q,m-l,n-l4>-l,m,n = 4 l -l,rn,n-l4 l O,m-l,n + (1/2 — S + m)4>0,m,n ( P-l,m-l,n-l> 
bo,m,n-l<f>—l,m-l,n = <t>-l,m,n-l ( f > 0,m-l,n — (s — m + n)0o,in,n0-l,m-l,n-l: 
1>0,m,n,-l<f>—l,m—2,n-l = <fo,m-l,n<l>-l,m-l,n—2 + (s — 171+ n)0_i ,771—1,71—1^0,771—1,71—1 ) 
^0,m,n^-l,m-2,n-2 = ^0,m-l 5 n^-l,m-l,n-2 — (1/2 — S — 7l)<^_i )m _i )TI ,_i<^o,m-l,7i-l- 



(3.4) 



Moreover, from (2.25), the function 



(*0,m,n— IrO.m— l.n 



^-l,m-l,n-l<^l,m,n 



solves Py (i.l) with parameters 



k-oc — s, kq — s — m + n, = m + n — 1. 



(3.5) 
(3.6) 



From the recurrence relations (2.26), we observe that 4>i_ m , n for small l,m,n are expressed as 

z^>. (m— 7i— i— l)(m— n— £)/2 

'/...„.,, ! — I Ui >min , (3.7) 



where Vi^ m ^ n are some polynomials in i and s. Therefore, we next rewrite (3.4) in terms of U. The polynomials 
Ui. m ,n have symmetry described by the following lemma. 
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Lemma 3.2 The polynomials Ui. m ,n defined by (3.1) satisfy 

fl,m,n(*) s ) = ^0,m,n-l(*) s + 1)) f-l,m,n(*) s ) = ^0,m,ra+l(*, 9 - 1). 



(3.8) 



Proof. Lemma 3.2 is proved by considering the Toda type equation for r-cocycles. Under the specialization 
Jj), the Hamiltonians and t- functions are calculated as 



h 



Tg 



+ s , hi = h 3 



16 



and 



t z 

t = t 2 = t s exp [ — 



n = r, = A" ^ 



(3.9) 



(3.10) 



up to the multiplication by some constants, respectively. Then, Toda type bilinear equations (2.28) yield to 

* 2 -2s + l-l + 3m-n 



<H,m+l,nYl,m—X,n 
t>l,m,n+l4>l,m,n-l 



1 \ , f z 

-= -L>t + — 
1 /l 2 



2s + 1 - I - m + 3n 



* 0, 



Z,m,n ' Yl,m,n j 



(3.11) 



Substituting (3.7) into (3.11), we obtain Toda type bilinear equations to be satisfied by [7 m ,„ = Uo j7ntn (t, s) 

Um-\-l,nUm—l,n 



2/ 



d 2 U„ 



dt 2 



Un 



m,n-\-lUm,7i— 1 



2t 



d 2 U 



dt 2 

with initial conditions 



Ujn.. n, 



Um.n 



dU„ 



dt 

dU m , 

dt 



dt 



Un 



dU m ^ n TT 
dt " 



—2s + 1 + 3m — n 



2s + 1 — m + 3n 



[7 2 



(3.12) 



IF 



U-L-i = C/-1.0 = U ,-i = U .o = 1. 



(3.13) 



The functions U m ,n = U m . n (t,s) are uniquely determined by Toda equations (3.12) from the initial conditions 
( 3.13 ) for any m, n E Z. Moreover, we see that [7±i, m ,„(i, s) satisfy the same Toda equations as C/o,m,n=Fi(£> s±l), 
respectively, by the similar calculation. Since the initial conditions for U\, mn and [7_i, m ,„ are given by 



^1,-1,0 — ^i,o,o — [^ — U\ ,o,i — 1, 
C7-i,-i,-2 = [7-1,-1,-1 = [7-i,o,-2 = [7-i,o,-i = 1) 



(3.14) 



the lemma is proved. 



From Lemma p.2| , bilinear Backhand transformations (3.4) are rewritten in terms of [7. 
Proposition 3.3 Let [7 m „ = [7 mn (i, s) (m,n E Z) be polynomials which satisfy the bilinear equations, 
4 [7 m , n + 1 [7 m — i , n — i 



4C/T rr+ 



tU™-l,n U m,n ~ 2 ( 2s + 2 ™ + Wm-lAn, 
m-l,n+l^m,n-l = ^m-l,vPm,n ~ 4s[7 m -i,„[7 m ,„, 
*^m— l,n^m+l,n— 1 = ^U, mn _ 1 U mn + 4s[7 m ,„_i[7 m ,„, 
4[7 m -i,„-i[7 m+ i,„ = tU^ nn _ 1 U mn + 2(2s — 2m — l)[7 m ,„_i[7 m , n , 

^m,n^m-l,n - 2(2s - 2m - l)[7„ l ,„[7 m _ 1 



4 [7, 



m— 1 ,n- 



-if/, 



(3.15) 



m,n+l 



4[7 m ,„-i[7 m _ 1 +1 = tU m n U m -i, n - 4(s - m + n)[7 m , n [7„ 



4[7 m+ i,„-i[7 m _ 1 n 
4[7 m+ i,„[7 m _ ln _ 1 



tU m ^ l U m n _ 1 + 4(s - m + n - l)[7 m „[7 m ,„-i, 
^m,n[7 m ,„-i + 2(2s + 2n - l)[7 r ~ „[/ m ,„_i, 
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with 

?7-i,-i = E/-i,o = ^0,-1 = Co,o = 1, 
where we denote n — U m .n(t, s ± 1). Then, 



Um,n-l(t, s)U m -i, n (t, s) 
U m -l t n(t, S - l)Z7 m ,„_l(i, S + 1) ' 



(3.16) 



(3.17) 



gives the rational solutions of Py (1.1) with parameters 



k-oo — s, Ko = s — to + n, 6 = to + n — 1. 



(3.18) 



4 Proof of Theorem £H2| 



In this section, we give the proof for Theorem 1.2. 

Definition 4.1 Let p^ = Pk i x ) an d Qk ~ Qk( x ) be polynomials defined by 



ErfV 

fc=0 



(1 - rf) r exp - 



XT) 



, pi r) = for k < 0, 



(r) (r) 

respectively. For m,n G Z>o, we define a family of polynomials Rm,n = RWAx) by 



(4.1) 
(4.2) 



0) 

Qi 

(r) 
93 



(r) 
?2m- 

Pn—1 



(r) 
% 

(r) 
92 



(r) 
*?2m-2 
(r) 
Pn— m+1 



(r) (r) 
P—Ti— m+4 n— m+5 

(r) (r) 

P-n-m+2 P-ra-m+3 



W (r) 
9— m+2 9— m+1 



(r) 
9— m+4 



(r) 

(r) 
Pn-1 



(r) 
9-m+3 



(r) 

(r) 
Pn 



(r) (r) 

P-n+3 P-ri+4 

(r) (r) 

P-n+1 P-ri+2 



(r) (r) 

Q—m-n+3 y-m-n+2 

(r) (r) 

Q—rn— n +5 — m — n + 4 



(r) 
ym— n+l 
(r) 
P2n-2 



(r) 
P 2 
(r) 

Po 



M 

Qm—n 

(r) 
P\n-1 



(r) 
P 3 

(r) 
Pi 



(4.3) 



(r) 

For m, n £ Z<q ? we define i? m ,n through 



dW = LiH m+1 )/ 2 R (f) /?( r ) = f_ifKi)/2 D W 

Jt, m,n V — m— l,n' ±Xj ra.n \ ± J L m,—n—l' 



(4.4) 



Remark. The polynomials and % (fc > 0) are essentially the Laguerre polynomials, namely, pi ( 



ijf 1} (a;). Moreover, i?^„ is related to 5 m n in Theorem 1.2 



as 



Rm,n( x ) = Sm,n(t, s), X = -, r = 2s - TO + : 



(4.5) 
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(r) 

Proposition 4.2 For m,n G Z, i?m, n satisfy the following bilinear equations. 



(2n + l)i?^ re n _|_ 1 Jl TO _ 1)n _ 1 — a;i?^ l _ 1 | Jl i?L,n ^ (r + m + rt + l)i?^ l _ 1 ^ n i?mL, 



-(2n+ l)-Rii-l,n+l-^m,ri-l — X ^)n-l',n^ m -'' 



(r-X) D (r+2) , < D (r+1) D (r) 



(2m + l)i^li! n ilW 



? 0-+x) 

m.n- 



!^^ 2) + (r + m - n)R^ n "\RZ\n, 



n — 



I'- '.) =xR ( r +<- ;.>"--'> 



(r-X) p(r) 



(2m + l)-R m _i jn _i-Rm + i' n — : n-!-iRm,n 



-(2n+ n _l-R m „.+! 



? ' ' J) ^m-xlr, - (r - TO - n • 



(r - m - n - 1)-R£ in !^i-Rm?n) 

W pO-l) 



l)i? m,n 



(4.6) 



m — X,n ' 



/o , i \ n(r-2) p(i — 1) _ p(r) p(r — 3) , / ^-.n. pC 1 "- 2 ) p(r — X) 

(zm ■+■ i-)n m+1 n _ 1 u m _ 1 n — xtt m ,ntt m n _ 1 ■+■ (r m-\-n z)tt m ,n n m n _ 1 , 
(2m + l)R%+llR ( m-?,n-i = sfl&jfc-i + (r + m + n - l)^" 2 ^" 1 ^. 



Comparing (|4.6| ) with ( 3.15 ), we obtain an explicit formula for U m>n — U mjTl (t, s) in Proposition 3.S 
Proposition 4.3 FFe ftai/e 

U m ,n{t> s) = c m d n S m ^ n {t : s), m, 71 G Z, 
where c m and d n are constants determined by 

I s 



Proof. Putting 
with 



C m +xCm-l = I m + - J c m , c_i = c = 1, 
d n+1 d„_i = - (n + i J d^, d_i = do = 1. 



x = — , r = 2s — m + n, 



(4.7) 

(4.8) 

(4.9) 
(4.10) 



we find that the bilinear relations (4J3) become ( 3.15 ). Taking (4.5) into account, we obtain Proposition 4.3 



Apply ing s\ to the solutions fll.Sj ) with (1.9), we g et the solutions (1.8) with ( 1.10 ). Then, the first half of 
The orem L2 is a direct consequence of Proposition 3.3 and [i~5|. I t is easy to find that the latter half of Th eore m 



reduced to that of Proposition 4.2 



1.2 is obtained by applying tts\ to the solutions (1.6) with (1.9). Therefore, now the proof of Theorem 1.2 



is 



It is possible to reduce the number of bilinear equations to be proved in (16) by the following symmetry of 



Or). 

Lemma 4.4 We have the relations for m,n € Z>o 



(4.11) 
(4.12) 



Proof. The first relation (4.11) is easily obtained from (4.3). To verify the second relation (4.12), we introduce 

_( T \ _i r \ / — 

polynomials q k = q k (x) by 



OO , v 

£ = (! + iT exp {^) , q[ r) = for k < 0. 



(4.13) 
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Comparing the generating function for with that for , we see that each q^ (x) is a linear combination of 



« (r) (x), j = k,k-2,k-A, 



Therefore we can express Rm\i for m,n£ Z>o in terms of pk and qk as 



i? (r) fa 



_(r) 

_(r) 
% 



_(r) 
92m- 

Pn—i 



_(r) 

9o 

_(r) 
92 



_(r) 
92m-2 
(r) 
Pn — rn+1 



(r) (r) 

i^— n— m+4 P— n — m+5 

(r) (r) 

P-n-m+2 P-n-m+3 



_(r) -(r) 

9-m+2 9-m+l 

_(r) -(r) 

9-m+4 9-m+3 



(r) 
Qm 
(r) 
Pn-1 



(r) 
9m- 1 

(r) 



(r) (r) 

P-rj+3 P-n+4 

(r) (r) 

P-n+1 P-n+2 



(r) -(r) 

9-m-n+3 9-m-n+2 

.0) -0) 

y — rn — n+5 " — m— n+4 



(r) 

w 

P2n-2 



(r) 
P 2 
(r) 

Po 



(r) 
Qm—n 

(r) 
Pln-\ 



(r) 
P 3 

(r) 
Pi 



(4.14) 



Noticing that and p/c are related as 
we obtain the relation ( 4.12| ). 



From the symmetries of Rmln(x) described by (4.4) and Lemma 4.4, it is sufficient to prove the first two 
equations in (4.6) for m,n€ Z>o, which are equivalent to 



(4.15) 



-"""m — l,n+l- n 'm,ri — 1 



R 



0+1) nO) 



'm,7l+ 



nO) _ dO+1) E>(r) _ n 

l-^m— l,n— 1 Jx m — l,n I '"m,,n u > 



(2n + 1)-R m _l „-(-l-R m n _l — ^^m-l.n^Li ^ (^ + m n )R m -l. n Rrn,n- 



(4.16) 
(4.17) 



In the following, we show that these bilinear equations are reduced to Jacobi's identity of determinants. Let 

h 12 ■■■ ik 



D be an (to + n + 1) x (to + n + 1) determinant and D 

Ji 32 ■■■ 3k 

deleting the rows with indices - ■ ■ ,ih and the columns with indices j\, ■ 



the minor which are obtained by 
jk- Then we have Jacobi's identity 



D ■ D 



m m + 1 
1 m + n + 1 



= D 



rn 
1 



D 



TO + 1 

m + n + 1 



— D 



m + 1 
1 



m 

to + n + 1 



(4.18) 



We first choose proper determinants as D (D itself should be expressed in terms of Rm}n)- Secondly, we construct 

(r) 

such formulas that express the minor determinants by R m 'n- Then, Jacobi's identity yields bilinear equations 
for Rm]n which are nothing but ( 4.16 ) and ( 4.17 ). 
We have the following lemmas. 

Lemma 4.5 We put 



D 



92m-l 
Pri-m+1 



(r) 
9i 

(r) 
% 



(r) 
Q2m-1 
(r) 
Pn-rn+2 



O+i) 0) 

P— to— m+3 P— to— m+4 

(r+1) 0) 

P— to— m+1 P— to— m+2 



0) 0) 

*?— m— n+3 m— n+2 

(r) 0) 

rn— n+5 ^— m— n+4 



0) 

y?n— n + 1 

0) 

P2n 



(r) 
P2 

(r) 
Po 



(r) 
Qm—n 

(r) 
P2n+1 



0) 
P 3 

(r) 
Pi 



(4.19) 
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Then, we have 



= (-i) m <Si. 



rn 
1 



= R 



D 
D 



m + 1 
1 

TO + 1 
771 + 71+1 



i? (r) D 

K m,n-1 



(r) 

m— l,n+l ' 



m 

m + 77 



- 1 

D 



(-1) 



m-l Z>(H-1) 
^m— l.n' 



(4.20) 



77) 
1 



777 +1 
777 + 77 +1 



1? 



(r) 

m — l,n — 1 " 



Lemma 4.6 FKe pw/j 



~(r— m— n+2) 

~(r— m— n+2) 
?3 



m— n+2) 
?2m-l 
C_i vm+n -(r-m-n+2) 
I ^ T^n 



(— l) m+Tl j5^ r_m_Tl+2 ' 



(r— m— n+1) 

<A 

(r— m— n+1) 



(r— m — n+1) 
92m- 1 
/ i \m+njr-m-n+l) 
\ L ) / J 2n+1 



^_^^m+rip('"-m-n+l) 
^_^yn+7ip(r-m-n+l) 



(r—m—n+2) 
% 

(r—m—n+2) 
92 



(r—m — n+2) 
92m -2 
i \m+n-l /r ,(>"-ro-n+2) 
"-■-J P2n+1 



^_^m+n-lp(r-m-n+2) 
t_^m+n-lp(r-m-n+2) 



(r) 

Q-m-n+2 

(r) 

9— rn— ti+4 



,(0 



(-1)^+1 

(-i)V 3 r) 

(-l)lp« 



(4.21) 



where Po2 and Sofc— l are defined by 



Then, we have 



(r) 
P 2 fc 

2fc + 1 ' 



~(r) 
92fe-l 



(r) 

g 2 fc-i 

+ 2fc-2' 



r m+n 



D = 



.R(^+2) 
'"'m.n J 



JJ (2j + 1) JJ (r - 777 - 77 + 2k) 

3=0 



fe=l 



D 



777 
1 



777 

777 + 77 +1 



(-l)" +1 i? (r) 
= (- D 



m— l,n+l> 
n+1 



777 +1 
1 

„m+ra— 1 



-i?.. 



(r+1) 



m-l "-I,"' 

+ ^ n ( r ~ m ~ n + 2fc ) 

3=0 



777 +1 
777 + 77 +1 



C-l) n : 



k=l 
„m-f-n — 1 



J| (2j + 1) Y[ (r - m - n + 2k) 

3=0 fe=l 



-1? 



(r+1) 



777 777 +1 

1 777 + 77 +1 



i? 



(r-1) 
m — 1 ,n " 



(4.22) 



(4.23) 



It is easy to see that the bilinear relations (4.16) and ( Ojl ) follow immediately from Jacobi's identity ( 4.18| ) 
by using Lemmas 4.5 and [D| respectively. We give the proof of Lemmas 4.5 and [0] in Appendix ||. This 
completes the proof of Proposition |4.2| and thus our main result Theorem 1.2. 
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5 Discussion 



As we mentioned in Section 2.3, the r- cocycles (f>k,i,m,n are polynomials in ccj and fi and admit a determinant 
expression in terms of a generalized Jacobi-Trudi formula pl| . When specialized to the seed solution ( |3 . 1[ ) , we 
obtain a determinant formula for c^o,o,m,n — 4>m,ni which are given as follows. 

Proposition 5.1 Let (k,l € Z) fee functions defined by 



(21) _ (~l) fc r (2 a -l) r . /9 s (20 _ \/t (~l) fc r (2»t),, /9 v 

5 2 fe - —? — L k IV^Ji .9 2 fe+i - "2~7t fe ^ I > : 

?fe Sfc+l 



(21+1) _ (-l) fc r (2st-i) 



5 2fc 



3 



(*/2), «T = 



(21+1) _ >/*(-!) r (2s) 



(5.1) 



2 Cfc+i 



^ ; (i/2), 



with 



e* = &(a) = n ( s+ 



3=1 



(5.2) 



where L k (x) are the Laguerre polynomials and = 1/2 — s. Then, (f) m ,n under the specialization ^3.\ ) are 
given by 

#L-,+i ' > ( 5 - 3 ) 
J J / i-7 — 1 



where the partition A cmc? £/ie normalization factor N m ^ n are given by 



A = 



(3m - n - 1, 3m - n - 4, • • • , 2n + 5, In + 2, 2n, 2n, • • • , 4, 4, 2, 2), (m > n), 
(3n — m, 3n — m — 3, • • • , 2m + 3, 2m, 2m, • • • , 4, 4, 2, 2), (m < n), 



(5.4) 



and 



m m— n— 1 



( _ ir („ + l)/ 2cmdn -Q^-Q c t -Q £t (m>n)j 

fc=l fe=l fe=l 

n m n—m 

(-ir (n+i)/2 c m d n nan ci n ^ < n ), 



with 



respectively. 



k=l k=l k=l 
k 



Ck = 11(8+3-1), a = n 

3=1 3=1 



2i-i 



(5.5) 



(5.6) 



This gives a different expression for the rational solutions discussed in this paper. Studying the relationship 
between this formula and our result might be an interesting problem. 

Acknowledgment The authors would like to thank Prof. S. Okada for leading their attention to the universal 
characters. They also thank Prof. M. Noumi, Prof. Y. Yamada and Prof. H. Watanabe for useful suggestions 
and discussions. 



A Determinant Formula for the Umemura Polynomials 

In H , Noumi and Yamada gave a determinant formula of Jacobi-Trudi type for the Umemura polynomials in 
terms of 2-reduced Schur functions. In this appendix, we give a brief review on this determinant formula, and 
show that it is recovered as a special case of our formula. 
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We normalize the polynomials U m . n in Section 3 as 

jj _ nm{m+l)/2+n(n+l)/2rp /a 1 \ 

Then we find that the functions T n — TQ n (t, s) are monic polynomials generated by the Toda equation 



T n +iT n ~i — t 



d 2 T n \ m _ (dLn 
dt 2 n { dt 



dXn (t__ 2s + l + 3n \ 2 
dt n+ {8 4 



(A.2) 



with initial conditions T_i = Tq = 1. The polynomials T n are called Umemura polynomials. It is easy to see 
that we have 

T_i, n (t,*)=T 0in (t,s + l/2). (A.3) 
Introducing T n (t, s) by T n (t, s) — T_„(i, s), we have the following proposition. 

Proposition A.l Let T n = T n (t,s) be a sequence of polynomials in t and s defined through the Toda equation 

dT n 



T n +iT n -i — t 



d 2 T n \ . _ dT n 
dt 2 n dt 



dt 



■T n + 



t 1 / 1\ 3 

8-2 s+ 2 ) + r 



(A.4) 



with initial conditions Tq = T\ = 1 . Then, the rational function 

f n+1 {t,s)f n (t,s + 1/2) 



T n+ i(t,s+l)T n (t,a-l/2)' 



(A.5) 



solves Py with the parameters 



k-oo = s, kq = s — n, 9 = —n — 1. (A. 6) 



The explicit formula for T n was given by Noumi and Yamada, which is expressed in terms of the 2-reduced 
Schur functions. 



Proposition A.2 Let S n — S n (tx, t%, • • •) for n > be the Schur function associated with a partition X = 
(n, n — 1, • • • , 2, 1). Then, we have 

f n+1 (t,s)=N n S n (A.7) 



with 



N n = 2- n(n+1) (2n - l)!!(2n - 3)!! • • ■ 3!!1!!, 
t -2s + n + 1 



3 2 



(A.8) 



J 



It is easy to verify that Proposition |A.2j is recovered by putting m = for the solutions with (1.9) in 

Theorem 1.2. 



B Proof of Lemmas 14.51 and 14. t> 



We first note that the following contiguity relations hold by definition, 



(r) (r) (r-1) (r) (r) (r-1) 

Pk ~Pk-l=Pk > «* -%-!=% > 



and 



Jr+l) (»'+2) 



(r) 



(B.l) 
(B.2) 
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Let us prove Lemma 4.5. Noticing that p\ 



1 and p^ 



(r) 

for k < 0, we see that Rm'n can be rewritten 



as 



' i ; i () 



(r) 
9i 

(r) 
93 



92m- 
Pn—i 



(r) 

(r) 
92 



(r) 
1lrn-1 
(r) 
Pn-m.+ l 



(r) (r) 

P—n — rn+i P—n—m+5 

(r) (r) 

P-n-rn+2 P-n-m+3 

(r) (r) 

P—n—7n P—n— m + 1 



(r) 

9-m-n+3 
(r) 
m— n+5 



(r) 

9-m-ra+2 
(r) 

9-m — ri+4 



(r) (r) 

*2Vn— n+1 ?m-n 
(r) (r) 

-P2ra-2 Pln-\ 



(r) 
P 2 

(r) 
Po 

(r) 
P-2 



(r) 
P 3 

(r) 
Pi 

(r) 



(r) 

9-m-n+l 
(r) 

9-m-n+3 



(r) 
Qm—n— 1 
(r) 
Pan 



(r) 
P4 

(r) 
P 2 

(r) 

Po 



(B.3) 



Subtracting the (j — l)-st column from the j-th column of RmlrP for (j 



to + n,m + n — 1, ■ • ■ , 2) and using 



(B.l), we get 



R 



(r+i) _ 



(-l) r 



- q [ r+1) 



(r) 

9i 

(r) 
93 



_ (r+1) (r) 
92m- 1 92m- 1 

(r+1) (r) 

Pn — m Pn— m+1 



Jr+1) (r) 

r —n—m+A r — n— m+5 

(r+1) (r) 

P-n-m+2 P-n-m+3 



(r) 

9— m — n+4 

(r) 

^— m— ?i+6 



(r) 
9m-n+2 

(r) 
P2n-2 



(r) 

^— m — n+3 
(r) 

3— m— n+5 



(r) 

(r) 
P2n-1 



(r) 
P 2 
(r) 

Po 



(r) 
P 3 

(r) 
Pi 



(B.4) 



From (B.3) and (B.4), we obtain Lemma 4.5 



We next prove Lemma 4.6. Subtracting the (i + l)-st column from the i-th column of Rm]n for (i 



1,2,-- 



■,J, 3 



1, TO 



2, ■ • • , 1) and using (B.l), we get 



-* "■in n 



(r — m— n+1) 

9i 

(r— m— n+1) 

9 3 



(-1) 



m— n+1) 
92m -1 
m+n-l,„0-m-ri+l) 



P 2 



rc- 



m+n-l„('"- m -™+ 1 ) 



(-1)"— p h 



(-1) 



m+n-l„(»'- m -» l + 1 ) 
Pi 



(r— m— n+2) 

9o 

(r— m— 7i+2) 
92 



(-1) 

(-1) 
(-1) 



m— n+2) 
92m -2 
m+n-2„0-m-ra+2) 
P2n-1 



m+n-2„('"-« i -™+2) 
P3 

m+n-2j.r-m-n+2) 
Pi 



(r-1) 
9-m-n+3 

(r-1) 
9- m -n+5 



(r-1) 
Qm-n+1 



(r) 

9-m-n+2 
(r) 

^— m— n+4 



(r) 
*?m— n 

(-i)°p 2 1i 



(-l)^- 15 (-i)°Pi r) 



(B.5) 
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(r) 

Noticing that p ' 



1 and 



(r) 

for k < 0, we see that R m ,n can be rewritten as 



-* *"r-r-i n 



(r — m— n) 
(r — m— n) 

% 



(r—m—n) 



(-l)m+n p {r-m-n) 



(-iy 



Po 



(r— m — n+1) 
% 

(r— m— n+1) 
<?2 



(r- 
<?2m 



(-1) 



m — n+1) 
-2 

m+n-l^O-m-n+l) 



P 2 r 



(_ I \m+n- lp(r-m-n+l) 
^_^^m+n-lp( ) I, -™-™+ 1 ) 



(r-1) 
9-m-n+2 

(r-1) 
9— m— n+4 



(r-1) 
*?m — n 



(-i) 1 ^ 



(r) 

S— m-n+1 
(r) 

*?— m— n+3 



(r) 
Q'm — n— 1 



(-i) 1 ^ 13 (-1)°^ 



(-i)°^ r) 



(B.6) 



We add the j-th column multiplied by (r — 2 -j 
m + n, m + n — 1, • • • , 1). Then using (B.l ) and (B.2), we obtain 



+ ft — J)/ 33 to the (j + l)-st column of (B.6) for (j 



^ = n( 2 -?+ i )ri( r - TO - n + 2fc - 2 )^ (m+ " ) 

3=0 



fc=l 
~(r — m— n) 

?i 

~(r— m— n) 
«3 



~(r— m — n) 
92m- 1 

I ^ ^2n 



^-^m+n^O-™-™) 



(r — m — n— 1) 
?1 

(r—m—n— 1) 
93 



(-1) 



(r — m — n— 1) 
1lm-\ 

m+n n (r-m-n-l) 
-F2n+1 



(r-3) 
*?— m— n+3 
Jr-3) 
m— rt+5 



(r-3) 
^m — n+1 



0-2) 
9-m-n+2 

(r-2) 
9— nt — n+4 



,0-2) 



(-i) 2 P r 3) (-i)vr _2) 



(B.7) 



Lemma i.t follows from (B.5),(B.6) and flB.7|) 
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